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Causality constraints on multi-field EFTs
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“Anything goes” for EFT coefficients?

o

boson fermion a)

A: EFT cutoff  ¢;: Wilson coefficients

Cm,n

Amplitude  dgpr(s. ) = ) "

m,n

Question: Are Wilson coefficients ¢, , allowed to take any values?

Answer: No!



Positivity bounds/Causality constraints

high energy UV theory

Positivity bounds/
Causality constraints

“EFT bootstrap”

low energy EFT
constraints on Wilson coefficients




S|mp|e examp|e Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006

1 A
L ==70009+ F(aﬂqba”qb)z + - Pop1 ~ = \/ 1 + (3¢’ /
2)8°

A(s,t =0) = --- 4 + ...
A ffmfv—\/l—(acp)zx

“First” positivity bound: A4 > 0

Significant advances recently:

Adams, Alberte, Aoki, Arkani-Hamed, Baumann, Bellazzini, Bern, Caron-Huot,
Chandrasekaran, Cheung, Chiang, Creminelli, de Rham, Dubovsky, Elias Miro,
Fuks, Grall, Green, Guerrieri, Hanada, Henriksson, Herrero-Valea, Hirano, Huang,
Jaitly, Janssena, Jenkins, Kim, Kundu, Lee, Lewandowski, Li, Liu, McPeak, Melville,
Momeni, Noller, Noumi, Nicolis, O’Connell, Penedones, Porto, Rattazzi, Remmen,
Riembau, Riva, Rodd, Rodina, Russo, Rumbutis, Santos-Garcia, Senatore, Serra,
Sgarlata, Shahbazi-Moghaddam, Shiu, Sinha, Timiryasov, Tokareva, Tokuda, Tolley,
Trincherini, Trott, Van Duong, Vichi, Wang, Weng, Xu, Yamashita, Yang, Zahed,
/hang, Zhiboedov, Zhou, ...

Snowmass White Paper: UV Constraints on IR Physics, de Rham, Kundu, Reece, Tolley & SYZ, 2203.06805



Similar to swampland idea
But positivity bounds take more conservative approach
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Causality implies analyticity

Kramers-Kronig dispersion relation Titchmarsh's theorem
f(t < 0) =0 f (w) analytic in upper @ plane
f (w) square-integrable | A Imw
R 1 o do 4, / \
— Jc(w)—;73 N w/_wf(w) _ o JRew
W
eg, complex refractive index n

Relativistic version: response restricted with light-cone

f(ta 113) — e(t o € ) w)f(tv w) * ]b"(w, kO 4+ wg) _ iP oo ,dw, f(w', kO 4 w/g)
£ <1 it ) o W—w



Analyticity of scattering amplitude

A(s, t) as analytic function iqorously proven in 60

Im(s) Martin, ...
—t | m? 4m?
——————————) @ @ O ————
3m? -1t RC(S)

Locality: A(s, ?) is polynomially bounded at high energies

FrOiSSB.rt(-Martiﬂ) bound: Froissart, 1961; Martin, 1962

lim |A(s,t)| < Cs'™), t<4am?, 0<e(t) <1

S— 00



Fixed t dispersion relation

Analyticity in complex s plane (fixed 1)

A(s,t) = Léds' Als, 1)

271 s’ — s

Froissart bound |A(s" = 00,1)| < g2 [

SU Crossing symmetry

Twice subtracted dispersion relation

o0 d r 2 2 7
A(s, £) ~ / A5 L Y% A, t)
A Tpt lp—8  p—u

EFT amplitude IR/UV connection UV full amplitude



Forward positivity bounds

Forward Iimit ¢t = 0

© ( ) 2 2 7
A(s,0) ~ / £ % | m A(g,0)
A TpS L pts.
C2,08” 4 c408" 4+ = (/ 2 dl; Im A(p, 0)) s* + (/ 2 dl; Im A(p, 0)) st -
(uyv 1y’
matching 2du
i Sum rules: C2n,0 = / rultn Im A(p, 0)
“First” bounds p: scale of UV particles
Optical theorem
m(A(s,0) xo(e) >0 =P €20 >0

Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006 + earlier works



Magic of crossing symmetry / »
We have not used st symmetry : p3\ /;
© - O © ()
Au,t) = A(s, 1) = A(2, s) VA
. p,
®
© du [ & u? © du [ # 22
o mala=s ] mame~ [ S 5 e i e

- Tolley, Wang & SYZ, 2011.02400
Null constraints Caron-Huot & Duong, 2011.02957

Ima((:u’) (n)
> [ an ST =

st crossing imposes constraints on Ima,




Two-sided bounds

2t2

y y
A(s,t) ~ co08” + 215"t + c228

All Wilson coefficients have to be parametrically O(1)!

EFT coefficient | Lower bound | Upper bound
J3 -10.346 3
g4 0 0.5
Js5 -4.096 2.5
g6 0 0.25
s -12.83 3
g7 -1.548 1.75
g8 0 0.125
7 -10.03 4
J9 -0.524 1.125
7 -13.60 3
J10 0 0.0625
J1o -6.32 3.75

used to be a folklore, called “naturalness/naive dimension analysis”

but now a rigorous QFT theorem Tolley, Wang & SYZ, 2011.02400
Caron-Huot & Duong, 2011.02957



‘Universe is more comjo[ex than just one identical scalar!

Multi-field bounds for 52 coefficients

- lowest order positivity bounds — dim-8 ops
- phenomenologically more relevant

20 .2
2,042 CiokS

C
A(s,t=0) =

A4 A4

+ ... * Al]%kl(s’t — O) — 4+ ...



Motivation: SMEFT

SM Effective Field Theory (SMEFT)

C-(6)0-(6) C-(8) 0(8) Standard Model of Elementary Particles
I I

three generations of matter interactions / force carriers

jo _ -
QCZSMEFT B gSM + Z A2 + Z A4 + o | (femI‘:OHS) I posone)

J ! - @® |l @ I @ |l g © H
) up charm top gluon higgs
SM particle contents —

=4.7 MeV/c* =96 MeV/c? =4.18 GeV/c?
| . @ . . b ] W
S M Sym m e-t rl e S down strange bottom photon

=0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c? =91.19 GeV/c?
» -1 -1 0
% - » (M %» Gl 1 ;

electron muon tau Z boson
) _J I

<1.0 eVic <0.17 MeV/c’ <18.2 MeV/c X eV/c
0 0 0 +1
% Ve % vu % V’C 1 \M
electron muon tau Wb
. . . oson
neutrino ] neutrino , neutrino j

e Parametrize new physics

LEPTONS

e Popular current approach

2

if consider up to dim-8, or order § still huge parameter space!

How much can positivity bounds reduce the parameter space?



Generalized elastic positivity bounds

previous positivity bounds valid for identical particle scattering

Elastic scattering: particle i + particle j — particle i + particle j

jij — A1
M =y > ()

proof still goes through

Generalized elastic scattering: a+b — a+ b -
massless limit

superposed states |a) = ) uli), [b)= ) vlj)
i j
u;, v;: arbitrary constants

abab _ s,k AUkl 2 w3 1kl
M Zuvukle UVVECy > ()

ijkl ijkl



Application: Vector boson scattering (1)

Vl + V2 —> V3 + V4, ‘/l = {Z, W+, W_, }/}
Os.0 = [(D,®)'D,®] x (D“(I))TD”
05’1 — (D (I))TDM(I)] (D Q))T OT,() = Tr WMUW”V x Tr WQBWQB
Osz2 = [(D,®)'D,®] x [(D"®) RSN
| Or1 = Tr |Wa, WHE| x Tr WMBWO“/
Oro=Tr WWW/“’ [(DB<D)TD5<D] | e
Oro = Tr |WaWHE| x Tr [ Wy, Tre
< [(Dpeytpra) T2 H e E T
: 1 Ors = Tr [WWH | x BasB®
Orra = | B B'| x [(Ds®)t DA o] 05 = 2 P P A=
- - Org = Tr [Wa, WHB| x B, 5B
Ous = |BuBP| x [(Ds@)! D @] 76 = 2 e . G
: Or7 =Tr [Wa, WH| x Bg, Bre
Ora = (D ¢)TWBVDM¢ x BPV T ' a &
y B OT8 — BW/B’“/ X BQBBO‘B
_(DMCD) WD <I>_ x B Oro = BosBi5 x By BV
(D, ®) W, WD @] Or,10 = Tr[ Wy WH T [Wos W)
OT,ll = TI'[W#VWMV]BQIBéaB.

They lead to anomalous Quartic Gauge Couplings (aQGCs)



Application: Vector boson scattering (2)

Oy and Oy Space of 18 Wilson coeffs for aQGCs
. | - _ .35.'9 fb'1l(-|(|),'|'?v) 2% of total
; I I —- Expectedg68:/o cL 1——-/
IR0 E— b ::Eipggzggggfgt _______ _|
t i — _Ob%erved; 95% CL ]

18D sphere

Only ~2% of the total aQGC parameter
space admits an analytic UV completion!

/Zhang & SYZ,1808.00010



Stronger positivity bounds?

Mabab — 2 wyuFEvEMIK = Z uyuFvicii > 0

s It possible such that T LM 0
Z MY > 0, and { } {uvu*v* %
ijkl ijkl
ijkl

%
Yes, 1;;, is more than uv;u v !

Example: W-boson scatterings in SMEF

- b b
Fry >0, 4Fp;+ Fry >0 old: |a)|b) — |a)|b)

Fro+8Fr190>0, 8Fpg+4Fr1+3Frs >0
12Frog +4F7r1 +9krs +4F71 10 > 0
AFr o+ 4Fp{ + 3Fro + 12F7 19 > 0 scatterings of entangled states

new: |U) — |U)

T ~ Zy AULUL,

n-'n ly

Zhang & SYZ, 2005.03047



Rs of I cone

Best bounds from

generalized optical theorem

* T T+n S 7S {Tijkl [ Tijaa = O}
cET =9™N
ijkl —
S

= {Tijkl | Ty = Tipgy = Thjiy = Y}ilk}

I is a spectrahedron Li, Xu, Yang, Zhang & SYZ, 2101.01191
(spectrahedron) = (convex cone of PSD matrices) N affine-linear space

Yy
To get best bounds, find all ERs of I )

. _ (p)
all elements of 7: T;, = 2, “pTkaz a, > 0

p enumerates all Extreme Rays (ERs)
Best positivity bounds:

D TOM > 0
ijkl

ijkl




Semi-definite program (SDP)

spectrahedron is parameter space of a semi-definite program

Use SDP to find best positivity bounds

minimize ) TuM™

ijkl
—

SUbjeCt to T'ijkl ceg = g_l_ NS

min(7 - M) > 0, then MY is within positivity bounds

Compared to elastic approach (uvuvM > 0)

stronger bounds
more efficient (polynomial complexity)

Li, Xu, Yang, Zhang & SYZ, 2101.01191



Convex cone € of amplitudes

€ = (M} = cone <{mi(jm|k”)}) mt ~ MY 7

X: intermediate state

€ isdual cone of I I = {Tijkl‘T'ME D TyM™ > 0}
ijkl

For mY to be extremal, it can not be split to two amplitudes

->

ij A~ l:i _>Xirrep ~ r,Q
Mgy ~ M o

CG coefficient

Get € cone by symmetries of EFT

*

% = cone({PIUKDV)|  PI= 3 Crs (c,g;l)

a

->

Zhang & SYZ, 2005.03047 group projector




The inverse problem

Structure of € cone implies Zhang & SYZ, 2005.03047

Extremal Ray <= UV particle

piGlklD)
r

Example: Higgs € cone in SMEFT P o
Wilson coeffs fall in blue region o ks
* ) Eia

® E
E| must exit ® EZS
* ® E;zx

new UV state (SU(2); singlet, Y = 1) O

ERs of & (or dim-8 operators) are important
to reverse-engineer UV physics!



Application: Test positivity with Drell-Yan at LHC

Li, Mimasu, Yamashita, Yang, Zhang & SYZ, 2204.13121

@

2D individual, A = 2 TeV
. Positivity excluded at 95% C.L.

|| Positivity region

(b)

______

UV particle H | Amax [TeV "] | 2L [TeV]
Sy 0.0015 > 5.1
Uy 1.2 > 0.95
Q4 1.1 > 0.97
w1 0.092 > 1.8
Us 0.046 > 2.2
| ‘ 1 B 0.00075 > 6.1
4321012 -4-20 2 4 -5 0 5 10-432-101 2 0 5 10 -4 -2 0 2
GR.1403 GR.1904 CR.ea CR.cud2 Gs.192 G.ua 151 0203 5 ZZ 01' 880




Multi-field bounds for all coetfficients



Single field vs multiple fields

Optical theorem (for identical particle)

Im azzzz § :azz—>X 1/1,—>X § : ‘azz%X’ >0

use linear programing to obtain optimal bounds

Generalized optical theorem (for multiple fields)

ijkl z]—>X kl— X
Ima,;™ = a;/"" (ay )
X

not a positive number, but upgraded to a positive matrix

use semi-definite programing to obtain optimal bounds

SDP with a continuous decision variable

Du, Zhang & SYZ, 2111.01169
u:the UV scale;  solvable by SDPB



Sum rules for multi-fields

Cm,n
m,n m,m\ __ kl il, kj ¢
Ciikl = <ngkl > = <[m€ my + (—1)"my;m, ] ] >

i~ tmai () =Y [ dut)
Xl,£ A

Null constraints

Impose st symmetries on su dispersion relations

crossing is trivial for scalars and massless particles

* ET * E-
kl 1l k b,q kl 1l k b,q
<[me (my ) - my (me ) ] PR T [me (my ) — Yy (m/) } e
_|_

A\ K 0\ K F+ * 0\ X F—
ik [ il k D,q ik 4l il k Dyq
i ) o o) | (o) () ] ) o




Semi-definite program with SDPB

m,n
- ikl ikl kl 1  ki\* C,
if S oMemr= S QR i)+ (-1 () ]
ik, lm,n ij, K lm,n K
mn = (—1)" L = m Zan e | (mf)” 20, forall p &ymy (1),
i7j7k’l

then D Qe = < > Q%’%C&?> > 0

i7j7k7l;m7n i7j7k7l;m7n

Positivity bounds: added null constraints

minimize E Omn-c" =0
m,n

cmn NW)

, 12
m+n+1 Z ptg+1 = 0 for all p1, £
H Npg P

subject to Z Qm.n
m,n

continuous decision variable u



—xample: Z, bi-scalar theory

5
4
3 62'1(3)=1 42
< —6*%2=0.0 ¢l 5=1.2
c;’;) —_ 62'0(2)=0.3 — &2'1(3)=0
1 — 62'0(2)=0.6 - 62'1(3)=—1 2
0 —_ &2'0(2)=1 .0 — 62'1(3)=—2.4
-1 — &2'1(3)=—2.47
15 -10 -05 00 05 1.0
~2,1
C7

All Wilson coefficients are again parametrically O(1)!

Du, Zhang & SYZ, 2111.01169



More applications:

-+ Cosmology
@ All forward N
Tolley, Wang & SYZ, 2011.02400 2 obound |
de Rham, Melville, Tolley & SYZ, -
1702.08577, 1804.10624 .
Wang, Zhang & SYZ, 2011.05190 . o
- Chiral PT .
Wang, Feng, Zhang & SYZ, 2004.03992 | =l 20
Tolley, Wang & SYZ, 2011.02400 4 = exms [ B =
) | 100+ - | m CEPC)
— D*" bounds S| i : B FCCM
. SM :FT ol e 80| | m we-se
[ anohar&Mateu B ILC—1C
. - - - - I | @@ CLICWM
asu, Yamashita, Yang, Zhang & SYZ, 2204.13121
Li, Xu, Yang, Zhang & SYZ, 2101.01191 ; EEECFF
Yamashita, Zhang & SYZ, 2009.04490 — 0 ILC-5C
Fuks, Liu, Zhang & SYZ 2009.02212 '% E gL(;:F”
Bi, Zhang & SYZ, 1902.08977 =

-1

low

Zhang & SYZ, 2005.03047, 1808.00010 4

£ A i
A i . .

[ ; ..'1 ':'_.‘{‘,'.:. SN
i SRR e e

! ‘p.,'...'.; Ve et .
F L0 et ot WL .

+ many other authors ORI — -
X7




Summary

Positivity bounds are robust — from axioms of QFT

Wilson coeffs are bounded to be:

c; ~ O(1)

“naturalness” is a rigorous result!

This can be generalized to multi-fields
generalized optical theorem; linear program — semi-definitive program

Convex cone approach gives best 57 positivity bounds
dim-8 ops are important to reverse engineer UV theory

Thank youl!






Backup slides



Unitarity

Unitarity: conservation of probabilities S'™S=1=T—-T" =iT'T

Generalized optical theorem

AT F) - A (F 1) =i¥) / AT (27)*6% (pr — px) A(T — X)A*(F — X)

optical theorem (@ = 0): Im[A(I — I)] Za I X)

Partial wave expansion: A(s,t) ~ Y (2¢+ 1)Py(cos 6)a(s)
=0

, , (2-2 scattering, for scalar)
Partial wave unitary bounds:

0 < |as(s)]” < Imay(s) <1



—FT-Hedron for t = 0

Arkani-Hamed, Huang & Huang, talks in 2017, 2012.15849
Bellazzini, Miro, Rattazzi, Riembau & Riva, 2011.00037

Con,0 = /A o I A(1,0)  — y = / z"dp(x)
0

This i1s a Hausdorff moment problem!

Co0 C40 C6.0

Solution: C40 C6,0 €80

Define Hankel matrix H(can0) = Ceo C30 Cl00

nonlinear positivity bounds

H(C2n70) t 0 & HShift (02"”0) = H(C2n’0) C2n,0—7C2n+2,0 t 0

& H(C2n,0) _ HShift (CZn,O) >~ 0




Su symmetric sum rules

00 2

. du s U
c;.is't) = A(s,t N/ { — }ImA 1, t

® TH e

Expand dispersion relation and match s't/ on both sides

partial wave expansion: A(s,t) ~ XyPy(1 + 2t/s)as(s)
unitarity: 0 < |ag(s)|* < Imay(s) < 1

_D;;(n) dfi = dpImay(s)
Sum rules: ¢ ; ~ %:/d“ i+ n=7I + 1)

Dl- .is polynomial of # that is bounded below

su symmetric bounds c;; ~ Z / " ﬂ Dmmz / dft s = Di%eap

Tolley, W. & SYZ, 2011.02400
D = min, [, ()



Powerful two-sided bounds

Add null constraints to sum rules: Z/dﬂ' A
14

D)+ X, al ()
Cij ™ Z / af it J

can choose @, to make D; ; + ZHaan’]l) bounded from blow and above

before D; ; only has min
NnOow: D + > a.I'™ can have min and max

nons g

a,, can be positive or negative

=P Wilson coeff’s ¢; ; have two-sided bounds

Tolley, Wang & SYZ, 2011.02400



Two-sided bounds

Tolley, Wang & SYZ, 2011.02400

(m,n) Lower bounds Upper bounds
(1, 1) Cc1,1 > — €1,0C2,0 c11 < SW
(2,1) coq > —im c21 < 32/C2,0630
(2, 2) C22 > —%03,0 C22 < 2221030
(3,1) €3,1 > —5,/C3,0C4,0 c31 < 197 /e30¢a0
(3, 2) C32 > —7C4() c32 < 1050927040
(3,3) ¢33+ a1 > — gL /€40C5 0, c33— Plegy < —B0 feapcsg
c33 — 804 1> —154\/04,0765,0,
c33— Brean > =TT feq0050,
33 — 10464,1 > —3369%
(4,2) C4,2 > —1les cro < By
(4,3) caz+ Ses1 > —22 [e50C60, | a3 — Topecs1 < — 198083 /€5.0C6.0
ca3 — Blesy > 500 /€5,0C6,0;
C4,3 — ﬁc > —M C5,0C6,0,
C4,3 — @ 1> _11_w7 €5,0C6,0
c43 — %c > — 63379 C5,006,0
(4,4) caa+ 22c50 > — e, ca — 15c50 < —1Pcg 0,
caa — resa > — TP, + S5a1 C5,2 < — 28372°C6,0
Cq4 — 758—2505,2 > 831439006,0,
ciq— UBey, > LB,




Some further developments

Fully crossing symmetric dispersion relation
Sinha & Zahed, 2012.04877

Analytical approach

reduce to bi-variate moment problem @ | \ ”
(GL rotations + triple-crossing slices) .

’,
”
’
P
-
\ -
"
————————

Chiang, Huang, Li, Rodina & Weng, 2105.02862



Application: Ruling out Galileon

T —m+c+b,x", ¢, b, = const

linked to dRGT massive gravity
applications in cosmology

original Galileon marginally ruled out by Adams et al, 2006

Weakly broken Galileon theories

m
2
L~ ['galileon 9 s )
may also add a(d@)”, |a| K 1
; stu symmetric bounds leads to same conclusion

A ~m notavalid EFT

Tolley, Wang & SYZ, 2011.02400



Convex geometry: 1-slide crash course
Convex cone C:
subset of linear space; closed under conical combinations
xeCyvelCa>0,>0=>>ax+pyeC

cone(Y): conical combination of set Y

Extremal ray (ER): A

split into 2 other elements

Dual cone of C:
C*={yly-x>0, x e C}, (CH*=C

Positive semi-definite matrices &, :

P = cone({m'm’ | m' € R}), m'm’ are ERs of P,



€ cone vs I cone

Two ways to describe one convex cone

_—
facets extremal rays
bound representation ER representation

facets of cone <« ERs of dual cone
ERs of cone <« facets of dual cone

Positivity bounds are ERs of  cone or facets of 6 cone




